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abstract
Two dimensional light cone world sheet massive models can be used to define good string
backgrounds.In many cases these light cone world sheet lagrangians flow from a CFT in the UV
to a theory of massive particles in the IR. The relevant symmetry in the IR, playing a similar
role to Virasoro in the UV, are quantum affine Kac Moody algebras. Finite dimensional irreps
of this algebra are associated with the spectrum of massive particles. The case of N = 0 Sine
Gordon at the N = 2 point is associated with a Landau Ginzburg model that defines a good
string background. For the world sheet symmetry (N = 2) ⊗ Uq( ˆSl(2)) the N = 2 piece is
associated with the string conformal invariance and the Uq( ˆSl(2)) piece with the world sheet
RG. The two dimensional light cone world sheet massive model can be promoted to a CFT
by adding extra light cone fields X− and X+. From the point of view of the quantum affine
symmetry these two fields are associated, respectively, with the center and the derivation of
the affine Kac Moody algebra.
1 Introduction
Two dimensional conformal field theories are, from the world sheet point of view, the building
blocks of string theories. Massive two dimensional models that don’t contain derivative cou-
plings are superrenormalizable and asymptotically free and therefore they flow in the UV to
conformal field theories. Some massive models are specially simple namely, integrable models.
These models generically enjoy quantum affine symmetries [1] with the soliton S matrix being
given in terms of the quantum R matrix. A classical example is the Sine Gordon model.
Recently and motivated by the study of type IIB superstring in the Penrose limit [2] [3]
of AdS5 × S5 [4] [5] some new pp-wave metrics with RR backgrounds have been discovered
[6]. The interesting thing about these backgrounds is that they are naturally associated with
massive two dimensional models. These massive models are just the light cone gauge world
sheet lagrangian in these backgrounds.
In the standard flat background case, the light cone world sheet lagrangian for the transversal
coordinates is conformal invariant and we can easily define the corresponding Virasoro algebra
with central extension D − 2 and the Virasoro generators Ln, L¯n defined in terms of the
transversal oscillators. In pp wave backgrounds we generically find massive deformations of
this light cone world sheet lagrangian. In some special cases these massive models possess
quantum affine symmetries (in the infinite volume limit) of type Uq( ˆSl(2)) at level k = 0 [1].
This quantum affine symmetry replace the Virasoro symmetry of the flat case.
Longitudinal boosts of the target metric define the RG of the massive world sheet light cone
lagrangian [6]. In the UV the system flow to the conformal model and in the IR the massive
particle spectrum dominates. This particle spectrum is generically associated with the finite
dimensional irreps of the quantum affine symmetry at level k = 0 [7].
2 Massive light cone lagrangians and good string back-
grounds
Given a two dimensional superrenormalizable massive model of type
S =
∫
d2σ(∂X i∂X i + V (X i)) (1)
we can always define, classically, a conformal invariant world sheet action just adding extra
world sheet fields X+ and X− as follows
S =
∫
d2σ
√
hha,b(∂aX
i∂bX
i + ∂aX
+∂bX
− − V (X)∂aX+∂bX+) (2)
Since
∂+∂−X
+ = 0 (3)
1
we can interpret the original massive model (1) as the result of fixing the light cone gauge, and
the variables X i as representing the transversal coordinates 1 .
Of course the world sheet model (2) will not define, in general, a good string background.
The contraction of X i in (2) induce non vanishing sigma model beta functions βG. The simplest
example corresponding to the maximally symmetric pp-wave where V (X i) = µX iX i produces,
at one loop,
a non vanishing sigma model beta function
βG = R++ = 8µ (4)
which is, of course, the curvature of the maximally symmetric pp-wave metric
ds2 = dx+dx− + µxixidx+dx+ + dxidxi (5)
In order to get a good string background from the massive model (1) with V (X i) = µX iX i
we need to add a RR background. We can in principle get the RR background solving the type
IIB supergravity equations for a RR five form
F5 = dX
+ ∧ φ(X i) (6)
After adding this RR background the corresponding light cone world sheet lagrangian can
be writen as a N = 2 lagrangian
S =
∫
d2zd4θK(ΦΦ¯) +
∫
d2zd2θW (Φ) + c.c (7)
with
K(Φi, Φ¯i) = ΦiΦ¯i (8)
and superpotential, in complex coordinates,
W (Φ) =
µ
2
∑
l
(Φl)2 (9)
for l = 1...4.
In particular it follows from Berkovits formalism [8] [9] that any N = 2 sigma model (7)
with flat transversal manifold, i.e K as defined in (8), and arbitrary holomorphic superpotential
W defines a good pp-wave string background
ds2 = dx+dx− +H(xi)dx+dx+ + dzidzi (10)
with
H = ∂W∂¯W¯ (11)
and the RR form a (1, 3) and (3, 1) form [6].
1Notice that the addition of a total derivative to lagrangian (1) is equivalent to add a Kalb Ramond back-
ground B with non vanishing components B+i
2
2.1 Landau-Ginsburg string backgrounds
According with the previous discussion we can define pp-wave string backgrounds associated
with light cone world sheet lagrangians of the type of N = 2 LG models [10] [11]. We will
consider the universality class defined by the Kahler potential (8). The maximally symmetric
pp-wave background corresponds in this language to the universality class of the massive free
superfield. The associated chiral ring is trivial, generated by the identity, and the associated
central charge is c = 0 2.
The non renormalization theorems for N = 2 allow us to associate with a LG lagrangian
with a quasihomogenous superpotential a N = 2 SCFT as the fixed point in the IR. The
chiral ring of this N = 2 SCFT is the one determined by the superpotential W . Given the
relation between W and the RR background we can interpret the RR background as inducing
the massive deformation of the light cone world sheet lagrangian.
In the case of the maximally symmetric pp-wave we find a flow, for the world sheet RG
induced by longitudinal boosts, from c = 13 in the UV to the trivial fixed point in the IR
corresponding to c = 0. This flow is of course consistent with Zamolodchikov c-theorem cUV >
cIR. The c = 0 fixed point in the IR corresponds to the Kac Moody algebra ˆSl(2) at level k = 0.
As it is well known this algebra admits finite dimensional irreps that we should associate with
a particle like spectrum in the IR. The maximally symmetric pp wave V (X i) = µX iX i in the
deep IR corresponding to µ → ∞ was considered in reference [13]. In this limit the string
reduces to a set independent bits characterized in terms of two dimensional irreps.
3 Quantum Affine Symmetry of N = 0 Sine Gordon
The N = 0 SG theory is defined by the lagrangian
S =
1
4π
∫
d2z(∂zΦ∂z¯Φ +
λ
π
: cos(βΦ) :) (12)
This theory for 0 < β2 < 2 defines a deformation of the conformal field theory with c = 1 of
a single scalar field. In the UV, corresponding to λ = 0 the theory flow to this conformal field
theory. It is well known that this theory possess a quantum affine symmetry Uq( ˆSl(2)) [1]. This
is the quantum deformation of the affine Kac Moody algebra ˆSl(2) at level k = 0. The value
of q is given in terms of β as follows
q = exp(
−2πi
β2
) (13)
2As a marginal comment let us just notice that Lipatov model for N=0 Yang Mills is a XXX spin chain with
spin j = 0 [12]. Naively the central extension for this model will be also c = 0
3We normalize the central extension of the free N = 2 superfield to 1 instead of the usual c = 3
3
At special values of the coupling
β =
√
2p
p+ 1
(14)
we get q = −exp(−ipi
p
) and therefore the N = 2 superalgebra for the special value p = 2. The
existence of this quantum symmetry is proved in the infinite volume limit. Let us briefly review
the way this symmetry is defined. The first step is to define, associated with the SG field Φ,
the equivalent to chiral and antichiral pieces Φ = φ + φ¯. This is done introducing non local
fields
φ(σ, t) =
1
2
(Φ(σ, t) +
∫ σ
−∞
dy∂tΦ(y, t)) (15)
φ¯(σ, t) =
1
2
(Φ(σ, t)−
∫ σ
−∞
dy∂tΦ(y, t)) (16)
Using Zamolodchikov formalism [14] [15] we can now define conserved currents as
J± = exp(±
2i
β
φ) (17)
J¯± = exp(∓
2i
β
φ¯) (18)
The corresponding charges generate the affine quantum algebra Uq( ˆSl(2))
Q+Q¯+ − q2Q¯+Q+ = 0 (19)
Q−Q¯− − q2Q¯−Q− = 0 (20)
Q+Q¯− − q−2Q¯−Q+ = a(1− q2T ) (21)
Q−Q¯+ − q−2Q¯+Q− = a(1− q−2T ) (22)
with
a =
λγ2
2πi
(23)
with
e
−
2pii
β2 = −e− ipiγ (24)
and T , the topological charge defined as
T =
β
2π
∫ +∞
−∞
∂xΦ (25)
Notice that at the particular point p = 2 we recover the N = 2 algebra. The N = 0 SG model
at this particular point is equivalent to the following N = 2 model [17]
S =
∫
d2zd4θXX∗ + (
∫
d2zd2θλ(
1
3
X3 −X) + c.c) (26)
4
Interpreted as a Landau Ginsburg lagrangian the case p = 2 correspond to a chiral ring with
two elements 1, X . The associated central extension is c = 1. In this sense it looks that the
N = 0 SG at the N = 2 point is just another particular case of a pp-wave background. The
potential interest of this case is that we start with a N = 0 theory that at some particular value
of the coupling becomes N = 2 and therefore equivalent to a N = 2 LG model that defines a
good string background.
4 Strings and Quantum Affine Symmetries
Let us consider the light cone lagrangian in flat space time. For this two dimensional model
we have a set of Noether conserved currents that correspond to isometries of the target space
time. Among these symmetries the ones associated with currents J i− and J+− describe, in
particular, the scale (conformal) invariance of the two dimensional light cone world sheet model.
From target space time point of view they are part of Lorentz invariance. Target space time
metrics that break Lorentz, as it is the case of pp-waves, produce massive world sheet two
dimensional models for which the currents J i− and J+− are not conserved. However these
massive models can still have symmetries associated with non local currents. Symmetries that
replace in the massive case conformal invariance. These symmetries are, as we have review
in previous section, quantum deformations of affine Kac Moody algebras at level zero. Finite
dimensional representations of these algebras as well as quantum R-matrices characterize the
spectrum of massive particles 4 .
In [6] the N = 2 SG model was suggested as a good string background. The N = 2 SG
model is known to enjoy invariance under N = 2 superalgebra as well as with respect to the
quantum affine algebra Uq( ˆSl(2)) with q given by (13). These two algebras conmute, thus the
whole symmetry of the light cone world sheet model is
Uq(Sl(2))⊗ Uq2=−1(Sl(2)) = Uq(Sl(2))⊗ (N = 2) (29)
This invariance is manifest in the structure of the soliton S-matrices. The S-matrices are the
product of the standard N = 0 SG S-matrix (the Uq( ˆSl(2)) part that is a dynamical symmetry
of N = 0 SG as discussed above) and the minimal N = 2 S-matrix (see for instance [16]). The
question we would like to address now is what is the stringy meaning of this symmetry.
4Finite dimensional irreps of Uq( ˆSl(2)) are defined as follows:
Q± = e
2θ
β2 E±q
±H
2 (27)
Q¯± = e
− 2θ
β2 E±q
∓H
2 (28)
where q = e
−2pii
β2 , E± are the Pauli spin matrices and the parameter θ is the rapidity
5
First of all we should notice that this symmetry will only appear in the string in the deep
IR where the string is effectively very large. The reason is that this quantum symmetry is
corrected by finite size effects.
The symmetry (29) should be compared with the symmetry of the light cone world sheet
lagrangian in flat background where we have also the N = 2 piece but in addition we have
conformal Virasoro invariance
V ir ⊗ (N = 2) (30)
The quantum symmetry of light cone massive models is not naturally associated with any
target space time isometry and moreover depends on the value of the coupling breaking confor-
mal invariance. It is important to realize that the classical limit q = 1 does not correspond to
the conformal case. Also it is important to notice that the level of the quantum deformed Kac
Moody algebra is k = 0 and have nothing to do with any Kac Moody level we can associate
with the underlying CFT in the UV limit. Thus we notice that the massive world sheet light
cone lagrangian can flow in some cases to massive S-matrix theories in the IR. The quantum
affine symmetry fix the S-matrix data in the IR in a similar way as conformal invariance fixes
the CFT data in the UV. In the case of LG backgrounds we have discussed above the world
sheet flow goes from a CFT in the UV, the free field theory, into another CFT in the IR with
chiral ring determined by the superpotential.
4.1 Beyond pp-waves: Conformal Affine Toda
Given a massive model as the light cone world sheet lagrangian the general procedure to get
a conformal invariant model is to add the two extra fields X+ and X− in such a way that
∂−∂+X
+ = 0 requiring, at the same time, that once we fix the light cone gauge we recover the
original massive model. In simple cases, as we have already discussed above, the corresponding
background metric is of the pp-wave type.
From the purely algebraic point of view the promotion of a massive model possessing a
quantum affine symmetries Uq( ˆSl(2)) - with ˆSl(2) the affine Kac Moody algebra at level k = 0
- to a conformal field theory requires, in order to have only infinite dimensional irreps as it is
the case in CFT, to add a center to the Kac Moody algebra i.e to go to level k different from
zero. The appropiated way to do it in the case of the massive SG model was first stablished in
reference [18]. The main idea is to extend the affine Kac Moody algebra adding the center and
the derivation d. In this way the generators of the Cartan subalgebra are, for the case of ˆSl(2)
H,K, d (31)
The Toda field T valued in the Cartan subalgebra is
T =
1
2
ΦH + ηd+
1
2
ǫK (32)
6
and the corresponding lagrangian is
S =
∫
dxdt(
1
2
∂tΦ∂tΦ−
1
2
∂xΦ∂xΦ + ∂tη∂tǫ− ∂xη∂xǫ− 2(e2Φ + e−2Φ+2η)) (33)
This is in fact a conformal invariant lagrangian that for η = cte reduces to the massive Sinh
Gordon model. Notice also that for (33) the equation of motion of the additional field η is
∂+∂−η = 0 (34)
We can interpret the previous algebraic construction as the way to promote the massive Sinh
Gordon massive model to a CFT just adding the two extra fields η and ǫ. Moreover if we
interpret the two extra fields η and ǫ as the fields X+ and X− respectively, we observe that we
can take, thanks to (34), the light cone gauge obtaing the massive Sinh Gordon model in the
case p+ = 0.
In the light cone gauge η = p+t we observe that the model (33) flow in time from a Liouville
CFT at t = −∞
S =
∫
dxdt(
1
2
∂tΦ∂tΦ−
1
2
∂xΦ∂xΦ− 2(e2Φ) (35)
to a Sinh Gordon at t = 0 and again to a Liouville CFT at t = +∞ 5
4.2 Holography
In reference [19] it was suggested, in the context of the maximally symmetric pp-wave, to
identify the extra light cone coordinate X+ as a sort of holographic coordinate 6 . The previous
exercise provides a new algebraic understanding on the role of this coordinate. Namely after
identifying η with X+ we observe that the conjugated operator d is just z d
dz
for z the affine
coordinate used in the definition of the affine Kac Moody algebra. This is just L0 or in other
words the light cone hamiltonian. In this sense it is natural to interpret the flow described
above between Liouville and Sinh Gordon in holographic terms. Notice that in order to make
the theory conformal we have added extra generators K and d to the quantum affine symmetry
algebra and that in the “light cone gauge” defined by η = p+t the flow from conformal to
massive is a flow in “time”.
5 Final Comments
In this note we have observed that some string pp-wave backgrounds define, in the light cone
gauge, integrable two dimensional models. One particular example is the Sine Gordon model.
The massive spectrum in the infrared, as well as the integrability structure of this model is
5The case of Sine Gordon can be done using the same techniques see [1]
6For other discussions on holography for pp-waves see [20]
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determined by the quantum affine symmetry generated by non local charges we have described
above. We can gain some intuition on this symmetry by considering the discrete version of the
Sine Gordon model that is ,after bosonization, the well known XXZ spin chain. The infinite
XXZ chain enjoys the affine quantum symmetry Uq(sˆl(2). This is non true if we consider
the finite chain where only after introducing appropiated boundary terms we can get quantum
group invariance with respect to Uq(sl(2)) i.e not affine. We observe, considering these models,
that the quantum affine symmetry is intimately related with the existence of a mass gap i.e
with the existence of a mass gap, in the thermodinamic limit, for the corresponding string light
cone hamiltonian.
From the string theory point of view the natural question to ask is if for good string back-
grounds that define light cone hamiltonians that flow in the infrared to massive two dimensional
theories, then these massive models are integrable and possissing quantum affine symmetries.
In this note we have suggested that this is in fact the case.
After BMN we know that the spectrum of the light cone hamiltonian is related , if there exist
a gauge holographic dual, with the spectrum of anomalous dimensions i.e with the spectrum of
the dilatation operator. The quantum symmetries we are refering to commute with the light
cone hamiltonian, and therefore ,if there exist the holographic gauge dual, with the dilatation
operator.
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